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Chapter 6 Outline

Unit Goal: Be able to demonstrate an understanding of the relationships involved in arithmetic
sequences and series, and recursive functions.

. . . icul
Section Subject Learning Goals Curricu um
Expectations
- Identify sequences as arithmetic, geometric or neither. Determine
; . . . C1.1,C1.3,
L1 Sequences the equation for the general term of an arithmetic or geometric C21.C22
sequence. T
L2 Series - Determine the sum of an arithmetic or geometric series C2.3
L3 More Sequences - Solve problems involving arithmetic and geometric sequences C2.4
L4 More Series - Solve problems involving arithmetic and geometric series C2.4
. . - Represent a sequence using a recursion formula. Use a C1.2,C1.3,
L5 Recursive Functions . . . .
recursion formula to write the terms of a recursive function. C1.4,C1.5
L6 Pascal’s Triangle - Expand binomials using Pascal’s Triangle C16
Assessments F/A/O Ministry Code P/0/C KTAC
Note Completion A P
Practice Worksheet F/A p
Completion
PreTest Review F/A P
Test - Trig Geometry 0 C1.1,C1.2,C1.3,C1.4,C1.5, p K(21%), T(34%), A(10%),
C1.6,C2.1,C2.2,C2.3,C2.4 C(34%)




Arithmetic and Geometric
Sequences

DO IT NOW!

How much can you figure out about this list
of numbers?

1,1, 2, 3,5, 8,13, 21, 34, 55, 89, 144, 233,...

Sttps://www.youtube.com/watch?v=SjSHVDfXHQ4
€



Definitions
Formula for general term (explicit formula):

A formula that represents any term in a sequence relative to
the term number (n)

Sequence:

an ordered list of numbers identified by a pattern or rule that
may stop at some number of continue indefinitely

Ex.
3,7,11, 15

2,6,18,54, ...

the three dots indicate that it continues forever

Note: the terms of a sequence represent
the range (y-values) of a function.

Example 1: Write the first three terms of each sequence, given
the explicit formula for the nth term of the sequence.

D o, =302 -1
t,=30y-0 ka= 3@ =30
=2 = | =26
Te frst Weo derrs awe 2,11, 26
b) n—1
t, =
n
L = _i o A _ -
| Q-% £3_33|
= |
- * 7 = o
“O e /3

Tle First Mree derms are o, I/gl 9/3



Arithmetic Sequences

Examples of sequences:

+4 sy 4y
V. ,
a) 14, 18. 327 %6....

b) 7,3, -1, -5,...
A S AT
4 -y Y4

These are called arithmetic sequences because they
increase by a constant difference (+ or -)

Arithmetic Sequences

Formula for General Term of an Arithmetic Sequence

t,=a+(n-—1)d

N the term number A< the value of the first term

tn: a term in the sequence d: the common difference



Example 2

a) Determine a formula for the general term of the following
arithmetic sequence.

AN
14, 18, 22, 26,...

az=ly %: (n-14d
Jey n=a+n-1)

€n = W#(V\-I)(Lf)

b) What is the value of t;,

tap = (‘H(Boqj(t{)

= 1y+ 05
=130

Example 3:

a) Determine a formula for the general term of the following
arithmetic sequence.

7;{;31555"” {;,\:oﬁﬁx—od
- th = T+ (ne1)(-y)
J=-Y

b) What is the value of t,,

ty = 74 (41-1)(-4)

7-146
-163

L

\



Geometric Sequences

Examples of sequences:

A3
a) 2. 6.1%.34,. .

b) 80, 40, 20, 10,... % tediinan is wsadsk
NN AR

Y I
= |

These are called geometric sequences because the
ratio of consecutive terms 1s constant.

Increase/decrease by a constant multiple

Geometric Sequences

Formula for the General Term of a Geometric Sequence

—1
t =a-r"

n

N: term number a. theﬁrst term

tn: a term in the sequence 'S the constant multiple

: !
NoYe ¢ no division is used ) ~ 3 = X3



Example 4: Determine a formula for the general term of the
following geometric sequence.

2”6/?’8/\54 162,.
a=a, tf\ za- ™
=3 = A(3)
b) What is the value of t,
a- |
JC% = &(3)

W\

13 [

Example 5: Determine a formula for the general term of the
following geometric sequence.

270, 90, 30, 10,...
L

~-l
"l/g {ﬂ: aAcer
n=|
tn = 200 (é}
a=d 10
= L
=3
b) What is the value of t,
9-|
ty: 70 (3)
=& (é‘z
|
= &0 (éé(l)
- 1O

——

243






Arithmetic and Geometric
Series

Definitions

Formula for general term (explicit formula):

A formula that represents any term in a sequence relative to
the term number (n)

Sequence:

an ordered list of numbers identified by a pattern or rule that
may stop at some number of continue indefinitely

Arithmetic Sequence:

sequence in which the difference between consecutive
terms is a constant

Geometric Sequence:
sequence in which the ratio of consecutive terms is constant

Series:

the indicated sum of the terms of a sequence




Example 1: Find S, of the sequence represented by:

N cum of o Fire U derns
l SLfEé,* * -i-t

g2 140-0)3) s 146-1)(3)
< 1_ - L{

by= 14(2-1)3) ty= 1+(Lf_\)(3)
=7 Z (0

54 z |+4 477410
= A

Arithmetic Series

general form

S = g[2a+ (n—1)d]

because the general form for an arithmetic sequence is

m=a+n-1)d
OR we can rewrite S_ as:
use tis
A vergion Wwhen
Sn = 2 E(l *ﬂ] glven e valnt
F e last ©m
o Heo Series (ﬁ.)



Example 2: For the series 1+3+5+7+... find S

Sh: g Jont (n-0d ]

Sa-

\(

5

il

% [&LON (13—0(&3]

23
=Y (H‘@

AN 23
Y& az |
J= a

n=2a<

Example 3: An arithmetic series with 52 terms starts with -7
and ends with 102. Find the sum of the series. -

gy,

Ssa: % (-7+103)

= 24(9s)

=2Y7)o

Note: Since we know t.,, it
would be easier to use this

version of the formula...

n
Sn = E(a + ty)




Geometric Series

general form

¢ a(r" —1)

n

r—1

Example 4: For the geometric sequence -1 +2 -4+ 8 - 16,...
W) W S I

X3 as |

a) Find SS. re-d

6‘% = _l*c’l’q *« 'lé

S _ O\(rn—\B
nE
—=\

iz -1[6-1]

-2-\

= <93
-3
= -3l




Example 5: A student is offered a job with a math teacher that
will last 20 hours. It pays $4.75 for the first hour, $5 for the
second hour, $5.25 for the next hour, and so on. How much will
the student earn in total?

a =475 Snz % [3a+6n- N
d=0.725
=230 Sae = %2 [ a(4.75) + (o-)o0.35)]
Sa0 10 (14.25)
= §143.50

e shuded wil) & paid §f 4y 63 Sor 20 haurs oF work.



Sequences (part 2

Sequences Questions

What is the difference between a sequence and a
series?

Sequence - a list of numbers that change by a constant value

Series - the sum of values in a sequence

What is the difference between Arithmetic and
Geometric?

arithmetic: + or - to get future terms

geometric: X to get future terms



Formulas for general terms of a sequence

Arithmetic t, =a+ (Tl _ 1)d
Sequence

Geometric
Sequence n

-10, -4, 2,...
A A
+6

a) Determine whether the sequence is arithmetic or geometric.

A rith metic
b) Determine an equation for the sequence.

ﬁf\ = Q+(ﬂ—l)c§
= =10 +(n-1)(6)

¢) Find the value of t, L.,
-]

-16 +(2-1)(¢)
[10

i\



Example 2: Insert two numbers between 8 and 32
so the four numbers form an arithmetic sequence.
+%  +< +€
N

7y YN
g)_l_é-—)_ai, 39\

U
+ay
2”/3 - g

Example 3: An arithmetic sequence is 83.)1.4, 20, 26,.... Which
term has the value 22? Prove mathematlcaﬂi’\(z

{V\ =a t (ﬂ-l)é ;::
2= L+(n-) ()
¥ =(n-1X¢)
1Y
-6- = '\’l
Y = n- =
| *t)g = 93]

1S =n




Example 4: 200\,]-.1 00, 50,...
)
a) Is the sequence arit ic or geometric?
Qo mdTiC
b) Find an equation to represent the sequence.

thz a-e™

44: 200 (,*)A-l

¢) Find t,,. t"l . w(*)ﬂ-l
= Joo (2
= -2s

1024

Example 5: Complete the geometric sequence:

L
‘A NNy
230,160, %0 , Ho , 20,10




Example 6: The 50th term of an arithmetic sequence is 238 and
the 93rd term is 539. Find a general equation to represent the
sequence.

'l"so = a+(50-1)4 tz = ot (13-1)d
0 3% *a+494 @5‘3‘]':&"'73-0‘

N tohe #L Sydren & guTors ¥

@ 6¥ = o +93d sub d= We @
0] neza+'id - 231 = oWHq(T)

s 333'3‘1'331

30.7‘ . 13& o = -l0S

& fo gpoo) Gudtn is Lo -10$+(n-D(T)

Example 7: Determine the number of terms in the geometric
sequence: 5, -10, 20, ....., -10 240

ta> -l02Yd b\:G-r""

? -
n=" n=1
-loayo = §(-3)

az5
== wiRaS 5 -4 = o\

o poer

‘..,“ﬂo (.%\\ - C'a) =1

& ll=n-l
=

Qe e B rms indhe SapUeCe-.






More Arithmetic and Geometric
Series Questions

DO IT NOW!

In an arithmetic sequence, t, = 25 and t, = 43.
Determine the formula for the general term of this

sequence

{:qza*(n—l)& Lfg:o\*<0(-l)ot
as =a+(3-0d @#’3:Q#X¢L
0;5 = a% Ad
¥ She uva.lwwm * sub d=3 o O
@ Y3zasgd 96 =a+3(3)
@ ’6‘“*’& = as :Q“"
1$ = 69 {=a
3:d

[ e o) i 442 194(1-0(2)




Arithmetic Geometric

{Sequence: i | sequence:
th=a+(-Dd | |I ¢, =a-r" |
| Series: | | U Series: i
S ="[2a+m-nd] | || ar" —1) !
I 2 ; | S = :
I : E r—1 :
! n Lo !
LS, = E(a +t,) E D i

Example 1: In an amphitheatre, seats are arranged in 50
semicircular rows facing a domed stage. The first row contains 23
seats, and each row contains 4 more seats than the previous row.
How many seats are in the amphitheatre?

a=23 d=4Y a:=s0 Ssc=?

N Note: use formula for
arithmetic series because
—
S 50 = D\ CQD\ * (V\ = l) d\l difference between
consecutive rows is a
constant.

= £ (2634 (s -«m]

= A5 (Q“fl}
= 6650

The amphitheatre has 6050 seats.



aribeie, RS |,
Example 2: Determine the sum of -31 -35 -39-.....-403

7% 1
Shuck Uy determining wha ferm 4 foar T
ho losr &rm iS. )
4 = a*(n-1)d
- s - -1)(-4
g2 = -3l+(n-1)(-4) B £y = %3
-378 = (a-))(-4)
93 = n-|
% =zn

W8 Sw: SheR(ask)

Swy « & (-31-403)
=4 -3u)
= -0 3

Example 3: Determine the sum of the first 20 terms of the
arithmetic series in which the 15th term is 107 and the terms
decrease by 3.

Shest by M,S-ha.w\w o ‘o’ Mﬁﬁs tig = W

4oz o ln-1)d
57 =a+ (15-1%(3)
lo7 = a-4a

Y =a

Now fid Szt S, = %[944(.\-1) 4']

= 3 [p0s(30-03)]

= 1o (ayl)
=24lo



Example 4: The 10th term of an arithmetic series is 34, and the
sum of the first 20 terms is 710. Determine the 25th term.

L= <5 ="0 ‘35' ?

e S0
4n= 0% () Saz &[""‘”M]
W = ax (-1 o= B Aas(s0-0d]

O WM=a+qd Qo = 10 (2a+19)

@ No=72Aoa+lq0d

¥ Swe udirg Subgiibiton o elisigtion.  * sub de3 D

=a +9¢3
B— o= 0ntlod ?_:q : :ﬂ’%
® ne = 690 = m*m -
1=
0= 04
3=d
# ro s Sl tag ; {nrasln-NA
tag =14 (36-1)(3)
be

Example 5: Determine the sum of the first seven terms of the

geometric series in which t;=5 and t, = -40.

@ is) “E3) 4 ~=-3

- A Sod
% 4 % % 5 -0 -l s
1’8‘..7 3" q“vshvc.“vf)“ E

e A"
-\
So= (D]
-a-l

(5,".)'(;11)

(3)

&lw

(1]
ﬁ\,’-,-:



Example 5: Determine the sum of the first seven terms of the

geometric series in which t; =35 and t; = -40.

6= at)”
s:a(')..
a=_S_
R |

% Slve iy sib srvhuian,

Y= (YD) e
- = S 3 g:..i.
_: o =
as3S
dl.? = 73
2=

Example 6: Calculate the sum of the geometric

LT
g et ™
<YYoz acd’

# ges. SerteS Grrwle,
5—,- “(I’"—l)
|
Sy - g)f"»ﬁ"l
-a-I

S, < 218
6

series, 960 + 480 + 240 +....+15
g

2
Method 1: write out full series

- ALD YO YU 4 126 + 6O+ 30415

= |q05



Method 2: Solve using logarithms

Figure out how many terms are
in the series by solving for n in

L
e \/-_ the formula: -
t,=a-r
a=1

éa"“l‘\ .
16 =960 ()" leartn <15 N Sohe S, :

£ 07 e 22

w=® Sq = Tes((4)-1]
lon (&) = log (8™ (£)-1
g () = (o o) . -r5as
-'-3@ = a-|

-0.9
’1(*-) = (905
€ = n-'

T=n

Method 3: Solve using powers with the same base
as90 *:&

bae 6l ) ‘
162960 (5)" lewrkm 18 G Now she S,

% O e 250
&+ (0 -]
A= @™ -

. -7%.8
L=n-l —

-0.%
7 =N - [905



Example 7: A tennis tournament has 128 entrants. A player is
dropped from the competition after losing one match. Winning
players go on to another match. What is the total number of
matches that will be played in this tournament?

o= 64 r-.&

last $erm i1 .

Note: The first term is 128/2 = 64
because 2 players participate in one
match. The last term is 1 but we don't
know what term number it is.

ﬂmgu—-ﬁn’ﬂutﬁms in Ho gorles

.= &)™
1 - “(*)nd

%.(i)'

(= (5"

‘=ﬁ—|
Ry,

N, cdeuiole. S
Sn% .‘(_"'ﬁ-
~=\

Sq = CY(laH]

x-\
“:os
’.cs
= 187

& 57 marchas il te pleged
W e dournamed”,



6.2 Recursive Functions

In earlier sections we used function notation to write an
explicit formula to determine the value of any term in a
sequence. Sometimes it 1s easier to calculate one term in
a sequence using the previous terms.

Recursion formula:

a formula by which each term of a sequence is generated
from the preceding term or terms.



Recursive Functions

Functions that get new terms in the sequence by
using earlier terms.

t = the value of term 'n'
t . = the value before t_

Example 1: Write the first 4 terms of the sequence.

a) t =t -2 wheret =7

éa - {Q | ‘Q\ fg‘: 6&”3\ é‘l=f3“2
=t -2 = 6-3 Z 3-2
= /- 2A ’_3 z
= S

The first four terms of the sequence are 7, 5, 3, 1.



b) t =2t +4 wheret =5

taz 4, +4 G2ty v ty=2bd
= a(5) +4 =)y T U

The first four terms of the sequence are 5, 14, 32, 68.

You may also see questions asked in function
notation.

Example 2: Find the first 4 terms.

f(n)=2f(n-1)-7 where f(1)=2

f(D=afu)-7 £02)= 2-5(3) -7 ?(")'-’-34(3) A

= a(3) -7 : Ell('3)-7 i-':V-B)-?
z -3 =-13 =-33

The first four terms of the sequence are 2, -3, -13, -33.



Example 3: Find the first 7 terms of the sequence.

t =t +t  wheret, =1 wheret,=1

{3‘— %3 2. {jg ( %lf: fa*{j £5=€3*‘:q

| +2, = a3
= (4]

_ Note: each term in the sequence is

the sum of the previous two terms.
This is the Fibonacci sequence!

4

i\

The first seven terms in this sequence are 1, 1, 2, 3, 5, 8, 13.

Example 4:

Write a recursion formula for each sequence

:L—:)
a) 3 6 12 24 Look for a pattern in
the terms:
=
‘bn - -a ‘ '£n¢\ y

T
I

2

-3
t X
t><(2)
t, X

Kl




b) ;f’!iﬁ)A T S

22 | — 3 A
w’\/ 2 ’[_+ _—,77 2,67{0, 'q
wivd (81 (1

Tt :

lol (2[4 n

LT T T Nerm &

+2 43 o4







>
o
=
)
-
-
7 /)
—
S
>,
7 /)
S
==

a) Complete Pascal's Triangle




b) What patterns do you notice in Pascal's Triangle?

Main Pattern:

Each term in Pascal's Triangle is the sum of the two terms
directly above it. The first and last terms in each row are 1
since the only term immediately above them is always a 1.

Other Patterns:
- sum of each row is a power of 2 (sum of nth row is 2n, begin count at 0)

- symmetrical down the middle

¢) Expand each of the following binomials

(@a+bye = 1
(atb)'= 1o + 1b

(LZa3e)

T 1a+abicbalb®
= 1p+eb 16

(@+b)3 =  (as)iasbl(nsb)

(asb) (o +3ab -ib‘)

- 0 42 +ab®+a’b 4 b 4b3
1342+ 307 14°

(a+b) = Lo+ 4ok + 6o+ Hab® + 14"



Blaise Pascal (French Mathematician) discovered a
pattern in the expansion of (a+b)".... which patterns
do you notice?

The coefficients in the expansion of (a + b)” can be found
in row n of Pascal's triangle.

In each expansion, the exponents of a start at n and decrease
by 1 down to zero, while the exponents of b start at zero and
increase by 1 up to n.

In each term, the sum of the exponents of a and b is always n.

Pascal’s Triangle

eipo oY on B arierl




Example 1

Expand using the Binomial Theorem:

L)
n unusa'ws*rusc

a) (a+ b)6¢

= 1obx bbt [SalkP+A0M+[5ab14 bok + 1t

b) (2x - 3)°
- 6P+ S () + 106 2106
+ 5 1O

= 20 24O +720x> - 1686224510 -243



¢) (2x + 3%
= 1008 (3¢)'s 56034 + 1068’35
+10(2*(34Y +5(32)'(34)'+ 1(3)° (34’

= 1 (3821 +5 (1 () (3)(3") +lo (f)('tz)(‘)(j")
104y ) (FY)+ SBR[ 3’) + 1wy )

- 33%5 + 240 x’aa + 730 f:jq +[0%0 x"a‘ *1'0%3’ +a'l33‘°

d) 2

3-v)
LD D + D )
£ 4(8) () 1Y

- "?; + 4( 3:')(4)(3‘) *6 (4,3)(1)(3#)
+Y(EOE) + 20001 (y?)

S
- 3
= % %*4 ay’ +y’



Example 2

How many terms will there be if you expand
(x + 28297

number of terms in a
binomial expansion is

A0 4l = o~ \ always equal to n + 1
21 derms
Example 3
a) What is the 2nd term in the expansion of (x+6)’
= (D Q)
= Yoyt

b) What is the 5th term in the expansion of (3y - 4)?
="10( 33)q(—w)q
- 706%1)(3“)(356)
= 1%1530Y



Example 4 ™ yerm
a) What is the coefficient of ;‘,3 in the expansion of
(x+6) = 20 (x) (&)’

= 20 4 (216)

= Y3206 %3

b) What is the coefficient of y*x? in the expansion
of (y + 3x)° R3edserm

= |5 [%)4(31}&
= 16 (y") (Q)(x")
= IBS\QH'zQ

Homework: Worksheet Questions






