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1) Use critcal numbers and the first derivative test to determine when the function is increasing or decreasing.
a) f(x) =x3+3x%2+1 -~ s | | 0 olw
) = 30+ 6x ;ng f - L
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d) f(x) = 2x — 1)*(x?% - 9) /
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2) Suppose that f(x) is a differentiable function with the given derivative. Determine the values of x for which
f(x) is increasing and decreasing.

a) f'(x) =(x—1Dx+2)(x+3) - 3 [ o

5 ced = “de o ;)-
G = (-1 )xR Y2 3) fo uolud 1 2: S
fa) |~ -

KE WA 93 g e e i

|

\.\c_reasxt) LoT34xZ-0 s [
OQCr‘eaSF(j Y- i 24X
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c) f'(x) = x3 +3x% —4x — 12 -0 -3 -2 2 =
Ty vave |°Y |25/ 0 | 3
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3) Given each graph of f'(x), state the intervals of increase and decrease for the function f(x). Then sketch a
possible graph of f(x).
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4) Sketch a continuous graph of f(x) given each set of conditions.
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. W2 - Maxima and Minima
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| Jensen

1) Find the critical numbers for each function

a) f(x) = —x?2+6x+2
) = 2t

0= -2+

<5

) g(x) = 2x3 —3x2—12x+5
9 (x) 2 bx”* _ Gy -1
07 6 (¢*-%-2)
03 € (x-2)(x+)
Y=L

b) f(x) = x® — 2x? + 3x
P s 34 Y43
O = 3+t 4y13
b Yac = G4 -H3)
6> - Yac = ~2O
Pota €O 6 pp Gitica) #'s

d)y =x—+x
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| = 2Jx
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2) Determine the absolute extreme values of each function on the given interval.

a)y=3x2—-12x+7,0<x <4

dy _ /.
’al—’;é = é’k s
O = &I

AZA %a (,rl‘h(p)-"\:
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b) g(x) = 2x* — 3x? —12x +2, -3 < x < 3
& () = 6o - G-
0= 6 (-1 -2)
Q= 6 (-
crifiea) ¥g 2 X2 Ape- |

absale pin¢ (- 3, _q3>
obsol e may : (_ ,) q>

4(3) 2 -3 3¢-3) - 1ac-3)+ L

f(x)=x3+x0<x<10
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3) Find and classify the critical points of each function as a local max, local min, or neither.
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b) f(x) = (x — 1)*
P = Yena)
0= Y1y
O: (1&—()3
Q= X~
Y=
= (-1
fan-o

(1,6) ig & Crivica) poldl
) g(x) = 2x> — 24x 45
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(b(c): O tj(,'l') 3

(H‘h‘ccr\ POl (0,0) W@( (2) '%>
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4)a) Find the critical numbers of f(x) = 2x3 —3x2 — 12x + 5
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0= & (I-a\(w)

Fm}:'p\ Az - |

fa)=-15 SNz
Cr.H'['cAs PO‘\!&SI‘ (&3"5) 0\/‘0( (’,) )1)

(3,-4)is & ‘o) MIN

(0,0) s nehes



U102 flx-2)0)
b) Find any local extrema of f(x).
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¢) Find the absolute extrema of f(x) in the interval [—2,4].

fen= | Aisde miv: (2,-15)
‘:('O =1 <) M 9
(- 15 | Aseiide Max 2 (4,27
F(p =37 S =
5) A section of rollercoaster is in the shape of f(x) = —x3 — 2x2 + x + 15, where x is between —2 and 2.

a) Find all local extrema and explain what portions of the rollercoaster they represent.

! P
Viexy = -39 g4 | cotrea) pordrzs (155 [1.37) ook (022, 15.01)

0° -39 ~Ya |

“ o —|§S; G2 o0

K= Yt S -3 Tesr | -2 i 1

—_— £1(x) - =

2(-3) e e Toe

X = Y1299 . 24 5 For) IS " ™~
— 2 A7 |
. -3 |

~ =, reackes
Y~ <185 Ay= g2 Te Coasies™ sraiz 9oy dowa o W) oF 4z-2,

o min oF (-155) 10.37), aes W Yo @ max o (022 5.1,

fon conttnues down until =32 .
b) Is the highest point of this section of the ride at the beginning, the end, or neither?

Flay - |2 & Mo abse¥e way 15 o (0.23,15:11)5 Mot oF
F() = | He. éeﬂiwﬂf) o el -

f( 1,55) = Ra7 Fe )Y I1Sal]



Answers:

1)a) x = 3 b)nocritical numbers c)jx =—1,2 d)x = %
2)a) absolute max at (0,7) and (4,7) b) absolute max at (—1,9) c) absolute max at (10,1010)
absolute min at (2, =5) absolute min at (—3,—43) absolute min at (0,0)

3)a) (2,4) is a local max  b) (1,0) is a local min ¢) (—2,37) is a local max; (2, —27‘) is a local min
d) (0,0) is neither; (2, = g) is a local min

4)a)x = —1,2 b) (—1,12)is a local max; (2,—15) is a local min ¢) (2, —15) is the absolute min, (4,37) is the absolute max

5)a) The coaster starts down a hill from x = —2, reaching a local min at the bottom of a hill at (—1.55,12.37). It then increases
height until it reaches a local max at the top of a hill at (0.22,15.11). It then continues downward until x = 2.
b) The highest point is at (0.22,15.11), not either of the endpoints.




W3 - Concavity and the Second Derivative

MCv4U
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1) For each function, state whether the value of the of the second derivative is positive or negative at each of

points 4, B, C, and D.

a) y b) A o
A M) A £ <O E g(x;' At £ 2o
X h B. F"(«) <O E E g f'lx)¢o
€= ST § c: f"(x]>0 ¢ : 2 C% { Cs F“(’X)>O
L ) : : . ) <
“5 D Fw>o Nifs| /0 DIF@C

2) For each graph, identify the intervals over which the graph is concave up and the intervals over which it is
concave down.

a) | b) I
)’JL ' } I'
| : , 16 l'l
“A -2 0 px \ 81
'.. —‘4 B o —i".‘ —
4 -2 /0 2%
® - ' J
\ 78 | /-8
\12 I| ‘I_
,\ .‘ 16
— 18 \
\ —24
Y

GneaR wp™ A > - Q (orcavk upe (<-4, X>0

Concate damn'’ 40 ¢ - Q. Concave downt -2 xe O



3) Given each graph of f"'(x), state the intervals of concavity for the function f(x). Also indicate where any
points of inflection occur for f(x).

a) b)
V4 .
5 Y
X 4 JII
~2 0| /2 4x| -
3 I~ 0O 2 .i
A oy=f"0 | [ _alN\
; ; T
~4 |/ y=["x)
| i | T
conave wWht >k CorcaR Uy w X> L
Contaur dowm & A <L K Concaue. Slowin & Y& -| ) 1L KL
Pot e X =2 Pl when K=k

4) For each function, find the intervals of concavity and the coordinates of any points of inflection.

a)y =6x*—7x+5 .
oo \i) 15 aJways coacave U)ﬂ ) No por'S

aﬁ’ = V-7
J -
b) g(x) = =2x%+ 12x* -9 Y 2 W
9‘) ('X) 2 -6/\(1 *’B\L,y Tesy ___I_____-jj__--———» (,O/\Cﬁvt LA)O . /)< 4 D\
F\\(«’)
9“(/)0 it \-QJ-( Rx‘) W::;& @;C:\:’Q (orcaVve dcwh e y 2 9»
0= - x4y SN KA N B . 7,@)
POi ¢ (9"
Y=k
%C&)'- V3

(2,23) s a possibie Pt



5) For each function, find and classify all the critical points using the second derivative test.

a)y=x%*+10x—11

| 92 2O L pvelie Tesys
Q = %0 \5’ = o~
A= =5 6“(*5) = N
Y-s) = -36 Sy 15 concart up e X= 5
(-5-3€) {4 @ crihed polgt (-5,-36) i$ a loca) min.

b) f(x) = x* — 6x% + 10
40 =% - 1By
0 = Y ("’)(—3) {“(0) 2 -lA centave doron (O;lo) (5 o {ota) MaX
Y% =0 ’](3: 3
ko zto §3237
(y10) ond ('3,’57’) we crtiea) pol 5

2 e gy £1x) = Fr-1

1) =1L oncave W5 (3,37) (5 a Joca).min

6) Sketch a graph of a function that satisfies each set of conditions

a) f'"(x) =2forallx, f'(2) = O,f(Z) = -3

'l\k\" /\1(9(’)
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Y 13.-‘3 / 3
21\
Nu%
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CoNny N\ Con, o{o\uV\
b) f"(x) > 0whenx < —1, f"(x) <O0whenx > -1, f'(-1) =1, f(-1) =2

=it M W e, = -

| |

42T
\ A4 1
| mﬁ/__,
EENEEDS X
? £ 5 A K. / 0 2 \4‘\: 5
! A
2 A\

Con. dewn Con
c)f"(x) <0when—2<x<1,f"(x) >0whenx <—2andx > 1, f(=2) = -3, f(0) =0

@

oh

/

S

= -

-9 ‘-\E}
(

o

Answers:

1)a) A-neg, B-neg, C-pos, D-pos b) A-neg, B-neg, C-pos, D-neg

2)a) concave up: x > —2 b) concaveup: x < —2,x >0
concave down: x < —2 concave down: —2 <x < 0

3)a) concave up: x > 2; concave down: x < 2; POl when x = 2
b) concave up: x > 2; concave down: x < —1 and —1 < x < 2; POl whenx = 2
4)a) always concave up b) concave up: x < 2; concave down: x > 2; POl at (2,23).
5)a) (—5,—36) is a local min point b) (—V/3, 1) and (v/3, 1) are local mins, (0,10) is a local max

Blal ot S b) ¢) \
\WE 1 1% ST
8 | gy =1 C
n d 2
2R _
il N 7dlk
< s \ / \ =
0 Iolpl 12 1% |
|




W4 — Rational Functions
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1) Find the equation of any asymptotes for the following functions. Then, find the one-sided limits

approaching the vertical asymptotes.

; %33
a)f(x) =5 = )
\-\YA'. LG:O
VAL ¥ =22,%=-"0

Teﬁ;. f(\'qq) ~ -5
¢ (2.00)x 123
£(-1.99)= -2$
f(-2.°Dz 1S

Drts™ N §2) = -
ey

) z
o ¥ (4] = OO

1PN
X~ ﬁ«t) 0

o lim L fm) 2 T
>~ R N
c)y=2x+%: dx"+)

pd

SAeB:ax
VA:z «=z0O

Tesrs? gj(—o.ol)'z -l0O

(j (mOl) iy |Oo
Limbs:
i 0
l‘)o 6
i (2 =X
0" kﬁ

b)y === ko
y - x2_3x+2 = (;Y,-;}(,k-_"]

kAt =1
VAL X 73, A= |

RSt y(1.94) =7 o
§(2.01)= YoO
y(o-99)= 17
Y1) = 19>

Y 2"

Te<rzs

3(2&?‘() = 9/

3(3,01) = 30 200

Limi¥s e

-~

o

li/v\ (/*
o3 ) J

“/\1\4 3[5\0: O
43



2) Find the derivative of each function. Then, determine whether the function has any local extrema.

2 -3
a)f(x) =3 b) h(x) = ==
£ = 003) - 1 () b () < 0(a7 = 202 ))(-2)
(9)° (ee-2r)"
g Y ,
o G h ()2 (a2
| ('-E‘l}q
No crificad pids since {70 o e
ol 223 15 net i domain o TOO (0= 255
& no local ex¥Ma. V)70 and K= 15 N ia g domatn o+ WO .

& no critea) points avol o loca) Gafremen

2
@ VAL

a) Find the intervals of increase and decrease for f(x).

3) Consider the function f(x) =

")z 0 (et < 2lxand)(-2) s o] oo
Fao= olen” : ) o U2 | 6
(x+1) ) - "
) fx) -
= ¥ b, C- WWe !
Fe {H'_:' _( ::f ) |IN |
= Y
‘:b{) 24) C eas ; CAS -1

(24)°

, -1
decrasingt K <
No critical oIS Mj

0y Ut VA o o d(lVfC“/\ﬁ ol when Yesvivg.

b) Find the intervals of concavity for f(x).

ontyy PosS\\UQ Change. in Conwwﬁ'a \3

0= st e ) oF b VA
(/ym6
flex) = -\ (x+
(%1 °
)= 12
(’_{’.‘i\_h’
F'020 Concae_ Down & X<, X > - |

Concape UP T neerl
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4) Consider the function h(x) =

x2—4 < ==
(2 x8)
a) Write the equations of the asymptotes

' At Y= 0
VAG x=2 =-3_

b) Make a table showing the increasing and decreasing intervals for the function

‘r\)(’@ = o(x-4) - dx(l) et e >0 TS
boaf iy R B B

. fO) + |+ [~ | -

I (x) = ____E:—lé- nee | inc | dec odec .
(Y—l\g' ("{""l‘)?\ ¥(Oo /7 /? ~ ~

Q= -3x ‘ Vo<

T \Acmswﬁj* Y a)-lé’/tio
() -0 o(zcreasina'- LKL K>

Cri¥ical polny (0,—0,).S>

c) How can you use the table from part b) to determine the behavior of f(x) near the vertical asymptotes?
)
h(x) 15 nerthg Jo e WP of oo ir’\_l, h1) =

he 1s inceas o ¥ —ald af yz.3.
R O T

W) 13 NCTeasing b Ho Yofd of "C‘-l;:(\rl_ hex) = =00

\'\(y) 13 oLtCreaél\/\j fo P rrold of xza ;L";,, k(az] z 00
d) Sketch a graph of the function. 6 1

5

4
b i 5

~
—
A

L

2]
""--

FaN
v

‘\\
)

d——at—y1"

‘/
E-
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Answers:

l)a)VA:x =2andx = —2; HA: y = 0; llm—oo lim = —o, lim = —o0, lim = o
X—2~ x-—27% g7
b)VA:x =1landx = 2;HA: y = 1; hm =00, lim = —oo, 11m = —o00, lim =
' x-2- x—1t xo1~

c)VA: x = 0; SA:y = 2x; 11m = oo, lim = —

x—-»O‘

d) VA: x = 3; HA: y = 0; llrgl =00, lim = o0

" x->3—

2)a) f'(x) = E%; no local extrema b)h'(x) = Lz)y no local extrema

3)a) decreasing when x < —1, increasing when x > —1 b) concave down when x < —lorx > —1

4)a)VA:x =2andx = —2; HA:y =0
b) increasing when x < —2 or —2 < x < 0; decreasingwhen 0 < x < 2orx > 2

c) Since the curve is increasing to the left of x = -2, 11rr%_ = 00
Since the curve is increasing to the right of x = —2, hrr%+ = —00
Sd—r=
Since the curve is decreasing to the leftof x = 2, lim = —oo
x—)

Since the curve is decreasing to the right of x = 2, llI£l+ = oo
=

d)

\\L

l

|
K,___

o

o




W5 — Curve Sketching
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1) For each function, determine the coordinates of the local extrema. Classify each point as a local max or min.

a)y = 2x — 3x?
Y = Q- 6x
0 =d-6%
Y=g
SORE
CriPhee) polad s A
1 Junjusie s

&z b

Y (5) -6 ;Concave down

cgb (%,%) 14 o \ec,ok\ Mb;)(

b)y = 2t3+ 6t2+ 6t + 4
k& Z 6k ek 6
Q= G(E #>Erl)

WGe)

z Jd

108 goriVatiVe Yex’,
o'= 12 + 1%
o V) =0 5 EhaA) 1S o pold of Infectren

Nt o |°C0\‘ MM ay~ ma X

2) For each function, determine the coordinates of any points of inflection.

b) f(x) = 3x> — 5x* — 40x3 + 120x?

a) f(x) = 2x3 — 4x?

D00 = - %y

) = 1/x- %

0= 1Ax-%
2
L

F(3): =
277
-32

Posst Pagr (s ('3’ =

Tﬁﬁ‘\' P =00 73 o

Fo)| - | 4+

Con dewh| Con. u/’

F( %) | A

7):1
POi 3 ) :ﬂ

tloo = 1§y 10%?41093 + UGy
£ = 0% -60xP - 2Y0x +240
0= 6o (v’ - Yy rY)

0= 4 (x-1) -4 -1)

o= (¢-0)(A*4)
o= (-0 (x-2)(%>)

1(\’— [ /)(—;_ z ’J\ fkg 5 9\
F(() =% F('l)‘-\'lé F(":’-) - th.f
fesy « % —3—:?\ . ] 5 2 53 =
'F"(/X) — + _ +
olown W down | wp
| por'st (:2,624), (1h79), e (2, Wé}ﬁ,

o



3) Use the algorithm for curve sketching to analyze the key features of each of the following functions and to
sketch a graph of them.

a) f(x) = x*—8x3

@‘,NO domal\ RSINCTENS ) o OsleFrO'}'eS

. 3
-';Q 0=%" (x-%) 'k
, X-tnak (0,0) | (%0) £)20 .
- %40 XaZzO ’ \ kﬁ-w\‘y' (O)O)
L
@ ‘
o) . (3 2
Fnzly -3y @ £ = J%{Q-W«
0 =4a* (x-¢) 03 2% (% -Y)
e X:C
Xjzo T 00 K=Y
$(9) = & §$(6) <-Y43 fley- o 3Ch) == 358
crineo) poinrss, (0,0, (6,7433) possble s o infiection = (6)0), (4 -25€)
(6} - & 3
) 0 4
Tl | | ) 1 7 L cha,\ mln e (g) —L{B;],)

wee | 'L l
fan | = |~ __’__H*“ Local ront rapnic
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b) g(x) =3x3+ 7x% +3x—1
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c) h(x) = 2x* — 26x% + 72
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Answers:
1)a) max: i,l b) no local extrema; (—1,2) is an inflection point NOT a max or min
38

32

2—7) b) (-2, 624), (2,176), and (1,78)

2
2)a) (g, =
3)a) x-int: (0,0) and (8,0); y-int: (0,0); local max: none; local min:
(6,—432); POLI: (0,0) and (4, —256); increasing: x > 6; decreasing: x < 0
and 0 < x < 6; concave up: x < 0 and x > 4; concave down: 0 < x < 4

b) x-int: (=1,0), (0.215,0), and (—1.549,0); y-int: (0, —1); local max:
(—1.3,0.34); local min: (—0.26,—1.36); POI: (—0.78,—0.51);
increasing: x < —1.3 and x > —0.26; decreasing: —1.3 < x < —0.26;

=2 2 4 ¥ 8§ f § ¢ ©

concave up: x > —0.78; concave down: x < —0.78

c) x-int: (=3,0), (—=2,0), (2,0) and (3,0); y-int: (0,72); local max: (0,72); T
local min: (—2.55,—12.5) and (2.55,—-12.5); POI: (—1.47,25.16) and
(1.47,25.16); increasing: —2.55 < x < 0 and x > 2.55;

decreasing: x < —2.55,and 0 < x < 2.55; concave up: x < —1.47 and
x > 1.47; concave down: —1.47 < x < 1.47

d) VA: x = 0; HA: y = 1; x-int: (—3.24,0), and (1.24,0); y-int: none; local
max: (4,1.25); local min: none; POI: (6,1.22); increasing: 0 < x < 4 and;

decreasing: x < 0,and x > 4; concave up: x > 6; concave down: x < 0 T
and0<x <6
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1) A rectangular pen is to be built with 1200 m of fencing. The pen is to be divided into three parts using two
parallel partitions. Find the max possible area of the pen.
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2) A showroom for a car dealership is to be built in the shape of a rectangle with brick on the back and sides,
.d glass on the front. The floor of the showroom is to have an area of 500 m?2. If a brick wall costs $1200/m
while a glass wall costs $600/m, what dimensions would minimize the cost of the showroom? What is the min
cost?
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3) A soup can is to have a capacity of 250 cm? and the diameter of the can must be no less than 4 cm and no
greater than 8 cm. Wat are the dimensions of the can that can be constructed using the LEAST amount of
material?

Domain:2<r <4

SA = 2nr? + 2mrh
G From Volume Equation:
250
SA(r) = 2ar? + 2nr (72)
Y i V =mnrih
SA(r) = 2art + — 250 = nr?h
550 b 250
SA'(T') = 4nr — — - 71'7'2
T
500
0=4nr- 2
T
500
3_ "%
- 4
r =341
Test endpoints of domain and critical number:
SA(2) =275.1cm3
SA(3.41) = 219.7 cm?
SA(2) = 225.5cm?
Therefore a radius = 3.41 cm and a height = —259_ _ 6.84 cm will minimize the amount of material needed to make the can.

w(3.41)%

4) A rectangular piece of paper with perimeter 100 cm is to be rolled to form a cylindrical tube. Find the
dimensions of the paper that will produce a tube with maximum volume. What is the max volume?

x k= 0 ; 15 3 =8
l - X U(/X); sl - —
4 & TX X
B (?:é )
06 = o%uaj O - x /IT q7
s _ 33X
|00 - :ﬂ ’X':O 0= :ﬁ —({;/
X
A \* /é?‘, ‘-,}/5'
V) = 7 (35) (50- %) G
\l %1 %7{ s [0
2 . ’ (oo
(0 =1 (&) (50 ) el
2
NICDE Q‘{%T (50—%] Vi) = :,*7_ - %x
UC’X) = asx” /,KQ) UM (¢) :3‘/5 & (crcav’ (//0 (in)
il iy "

V') 2 —g & oncate dbun (m
V(1) - 257 - L 42 (5)> -1 Co;ave e
oAl (,/n-;Z \/C\%’—)’.\’ 1Y73.66 cm
A max yolume, oF [(Y73.66 > Con b0 obfatod witn

o Se)
a l%ﬂ’\ cﬁ L% Con [N\Q( WIOH’L\ dg %’CN\



5) Find the area of the largest rectangle that can'be inscribed between the x-axis and the graph defined by

y=9—x% -(3 X 3+X)
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6) For an outdoor concert, a ticket price of $30 typically attracts 5000 people. For each $1 increase in the
ticket price, 100 fewer people will attend. The revenue, R, is the product of the number of people attending
and the price per ticket. Let x equal the number of $1 increases in price. Find the ticket price that maximizes
the revenue. What is the max revenue?
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Answers:

1) 45000 m?
2) 19.4 m by 25.8 m; min cost is $92952

3)r =3.41cmand h = 6.83 cm

4) 53—0 cm by lg—o cm; volume is 1473.7 cm?

5) 12+/3 units®
6) $40; max revenue is $160 000
7) 0.36 hours after the first train left the station (10:22 am)






