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' W1- Derivatives of Sine and Cosine Unit 3
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1) Find the derivative with respect to x for each function.
a)y =4sinx b) f(x) = —3cosx c)y =cosx — sinx
3 ‘ 1 ) A
N '\33 =Y cosX F () = -3 (" S\A’X’) \3 = -S\nX - Cosk

g‘(ﬂﬂ = 3awnX

d)y = x%—3sinx e)y =cosx + 7msinx — 3x f)f(x)zgcosx—gsinx
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Find the equation of the line that is tangent to the function y = cos x and passes through the point (g,%)
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3) Find the equation of the line that is tangent to the function y = —4 sinx atx = g.
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4) Determine an equation for the tangent to the function f(x) =tanx atx = %
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5) Find an equation of a line that is tangent to y = 2 sin x and whose slope is a max value.
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Answers:
/g )= 3 L T I e G =
1)a);—4cosx b) f'(x) = 3sinx c)dx— sinx — cosx d)dx—Zx 3cosx e)dx— sinx + 7mcosx — 3
dy T . Fi4
f)l—==—-=sinx —=—cosx
dx 4 3
2)y = — \/2_x+1r\/;+3

3)y——2\/—x+ —2V2
ay=2x+1-7

5) y = 2x; note: there are an infinite number of solutions. The slope is at a max value at any x = 2k where k € Z. Depending on
which x value you choose, you will get a different y-int.
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W2 -~ MORE Derivatives of Sine and Cosine Unit3 |
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1) Determine the derivative of each function.
a) y = sin(4x) AR A b) f(x) = sin(2x + )
W= os)(4) P = gos (x4 (1)
Lo L y
Y = Yees(4) FO0D = 9 cos (2x+ )
c) y = —2sin(36) d)y = sin’x
-‘:)’ . - 2os(39) (3) W :@w\yf“
k& - -(eos(30) Lﬁj = 23 (cosix)

.
Y = L sivX cosK

e) f(x) = cos? x — sin?x f)y = 3sin?(2t — 4) — 2cos?(3t + 1)
5 Pl
f(x) «(cesx) - Gy
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N =2 [ sint-y)) - AL s er\)—}
VMO 2 Qo (- siax) = L swX (cOs')()

vjczcmvfsc«aw)}c,osm«%)(&) ~
A cos eV [-s1G3eD ) (3)
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g) f(t) = sin®(cos t) h) f(x) = —x?sin(3x — )
' e
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2) Find the slope of the function y = 2 cos x sin(2x) at x = g
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3) Find the equation of the line that is tangent&o y = x? sin(2x) at x = —.

33 N ) = M S‘f\(ad - PO rvd’ -
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4) Determine Efor y = x“cosx.
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5)a) Write y = cscx in terms of sin x as a reciprocal function.

-
97 5ny

b) Write the function in terms of a negative power of sin x

K\/) - (Sif\’)ﬂ’]

c) Use the power rule and chain rule to find the derivative of y = cscx
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Answers:

1)a):—i' = 4cos(4x) b)f'(x) = 2cos(2x + m) c)% = —6cos(39) d) :—: = 2sinx cosx

e) f'(x) = —2sin(2x) f) % = 12 sin(2t — 4) cos(2t — 4) + 12 cos(3t — 1) sin(3t — 1)

g) f'(t) = —2sin(cost) cos(cos t) sint h) f'(x) = —3x? cos(3x — ) — 2x sin(3x — 7)
= 2

i) f'(8) = —2sin® @ cos®* O + 25in cos® @ j)% = -x—zcosxsinx —Coj—zx

k) y' = 2sec?x — 2sec(2x) 1)y’ = 2(tanx + cosx)(sec®x — sinx)

2)0

3)y = 2m%x + 2n3

d? J
—32' = —x2cosx —4xsinx + 2cosx
dx
_ 1 i g =4l ay _ -
5)a) y = o b)y = (sinx)™" «¢) s cscxcotx
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W3 - Derivatives of Exponential Functions Unit 3
MCv4U
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1) Determine the derivative with respect to x for each function.

a) g(x) = 4% b) f(x) = 117 dy=(2)

40 =4 (‘V\"Ij BERAGOE Ux Eln(u)] (j' < &YZ[/V\(ELU

d) N(x) = —3e* e) h(x) = e* fly=n*

N'x) = -3¢% NMQ n g “5 5“[’““]

2) Find the first, second, and third derivatives of the function f(x) = e*

F‘(/X) - F“(,X) - Fm(qf) ’;ex

3) Calculate the instantaneous rate of change of the function y = 5* when x = 2.
1
Y - 51 [l h(‘ﬁ)
%1(;) - gl[Ir\(‘Sﬂ
)
W (AN Ho. A

4) Determine the slope of the graph of y = %ex atx = 4.
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5) Determine the equation of the line that is tangent to y = 8* at the point on the curve where x = >

Po W

e Sle e
(3(016) = 1\”& "‘Kgﬂ g’ll[/ - égrlj:mm-é
= ad St )] a5 -T2 (5)46

) y'(os)= 8 1[/hcx)] 15 : JZIn(E)ré
(0:5,392) y'a5)z ;zﬁ[/,\(gﬂ L= 205 T3 In(9)
m:;ﬁ[{kcgﬂ b= ﬁ(@»‘lk(?)fj |

Yz afa @ Ar EE

6) A fruit fly infestation is doubling every day. There are 10 flies when the infestation is first discovered.

a) Write an equation that relates the number of flies to time.

t
A < 10(a)
b) Determine the number of flies present after 1 week.
QIERENN
A7) =390 fixs
¢) How fast is the fly population increasing after 1 week.
A'E) 2 10 (2 Ina)
A1) = 10(2) Ine2)
A'(7)= gg7x fl res/o(aﬁ

d) How long will it take for the fly population to reach 500?
500 = (o(2)"
So= gﬁ
t = {03{;,(50)

£ 2 5464 ofays

e) How fast is the fly population increasing at this point?

A'(s.64)= (0 (;Lf’(’q In(2)

A (s.64) = 346 fies /"(“j



7) Refer to question 6. At which point is the fly population increasing at a rate of

i) 20 flies per day? ii) 2000 flies per day?

20 = o (1\& Iv\(;1> 2000 = lo() Ih(;s.)

g 4
iﬁa):a = 2t
In(3)
Jo Uln@)/ = 5 Lo
"l S {0?1 (“n(z]’?

£~ 1,53 day$ Sk Aty okmi;s

8) Determine the equation of the line perpendicular to the tangent line to the function f(x) = %e"' at the
point on the curve where x = In 3

Pt S\C(Ce Ao
- I W ?;f e~ QL -
Fl\a2) = 5@. ’ C bj’”"j"é
)
= D 2
SE A 5 = Eh34b
3 5
:% M:i §_+}“\“n3:b
Lome -2
(1n3,1.5) 3

Answers:

1)a) g'(x) = 4%(in4) b) f'(x) = 11*(n11) o)y’ = (2) (nl) N =-3e* QW (x)=e* fy =n*(nm)
2) f'l)y=f"(x) = f"(x)= e
3) 4.2
4) 27.3
7= 6v2(In2)x +v2(2 —31n2)
-,a) N(t) = 10(2)" b) 1280 c) 887 flies/day d) 5.64 days e) 346 flies/day
7)i) 1.53 days ii) 8.17 days
8)y= —~:~x +§1113' +1,:-
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W4 —Differentiation Rules for Exponential Functions
MCv4au

Jensen

1)a) Rewrite the function' y = b* with base e.
In(b*)
o- €
An(b)

J=¢e

b) Find the derivative of your function in part a) and simplify.

u)’ - ert\n(b) [\v’\(@}
\01 B Q\'\d}?[lv\(é)]

Y In (b
y= & )

2) Differentiate with respect to x.

a)y=e* b) f(x) = e**®
V- x -5
\3 - e?»‘x C/’g) F’C’[) =@ * (q)
) 2 ) Y -
Yz -3¢ )= Y7
d)y =2%¥+ 3% e) f(x) = 3e?* — 23%

G X oY T In(3)  FE0=38 (-2 6)
F"(')() 2’ _3 (2)3)[

C)y - er__ e—Zx

Wz (ay-¢ ()

). Y N
(j = e +de Bt

f) y = 4xe”

9= ) v ™ (4x)
Lj) 2 sze’)é +_L7[,J(C%



g)y =5%* h) f(x) = xe?* + 2e73*

VSO ENS) Py s e, " )(a)x - Ce™

)
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3 .
(600 ( 112y ™)

4 = S (lng) () (5
,
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f

f
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3) Determine the derivative with respect to x for each function.

cosx

a)y =e *sinx b)y =e

S ) 7 T )
b B ) 2 ;
bS - € y(' SIn’k +camc) U) > -sShhvk (QCOMQ

(37 E €'y< (e%X - SV\%)

c) f(x) - er(xZ —3x + 2) d) g(x) = 2x2pc0s(2%)
h) 21 ,
¢ (~) = de*¥(« 93) + (3-7) (Qw) c

) 27y \
¢ (6{) - e [}«?-G&}-L/ AT «’5} /
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4) ldentify the coordinates of any local extrema of the function y = e* — e2*

(’j) =¥ e % \5@“( ﬂ ln(l) 1[1‘«('3;]

0=e* _ae®™ nd ‘
&63« e% s L i L . B 0‘0\11/, ‘\'€g\’
% 3 Y™
= S 3 0“65“):) '-(qu)
X i
e 7 = (7/ -1
= Bl
- |n<;’\) ' db Concgpe olown
SIRA (
5) Find an equation for the tangent to the curve y = 2e%* + 2x + 1 when x = 0:
PO‘};\T; SIOEZ': n
() ) o é’_
W< e 13(0) ¢ W=y Yz mash
_ 2:6(0) +4
(@)= A+o+l VoL :
: YWDz ¢ 12 b3
UB(O) s 3

%7(07:‘“1 ———
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6) Find the equation of the tangent to y = x In x that is parallel toy = 3x + 7.

m-="3 "
Poind s i
% C{> il ‘Q%—/U:M’)H'L
V\(’K + 2 ;Q:l‘ et
/ 2 e (%) G ghl( ) A= D) + b

) Yy 2z d€
2 int) 1 %CC) 32 = b
2z nx) 4| (€>Q ) 4 - e
ol = \V\(’X,)

et BEs
. [J°
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7) Find all local extrema for y = %x(2)3x+1. 1 ) ?'Q_rfve_{fé\j
o -t ®

P E W@ )
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\, I E24d E '._ \ i \
D7 5@T [ 14 e 5 N A
—
0 =5 @™ (1430 L W
: \ - V(2
Se 237& oz \i'&l/u () MW of (-o.ud ;/O’%>
No SolWT@N = m)
X2 - oMb

o).z - od%

8) Continuous growth or decay follows the formula A = ce*t, where c is the initial amount, and k is a rate
factor. The mass of a radioactive substance is 1000 g on day 1, and only 100 g after 100 days. Find ...

a) k, then write the equation with c and k (,)

(00 < (vooer )~ k= '\/m : 3¢

9X9) _ ~9C
L2 e looK / /4 (‘f) zlooge
/ o~ .
In (L) = 1ok k = TeeR3
b) the half-life, o
- Geo"l?t
500 s loce e
% = 8‘6.013t

In(L) =< -e.e23E
t & 30.0Y ofay >
b) the amount that remains after 300 days, and

A(?ooj s loco EL‘0'013 (3e0)

Ao = ’ rean

c) the rate of decay after 50 days.
- 0- o3t

A () = 1aoo & (-o.c23)
/I\'\ CE} - - 136-001?t -

co.e 33 (59)
A'(saH= -3¢ v

) o~
A (sed = -7.2% o/ele



Answers:

1)a) y = e*nb )& = (XY Inp

2)a) y' = =3¢ b)f'(x) = 4e™° )y' =2(e¥ + e %) d)y' =2%(In2)+3*(n3)

e) f'(x) = 6e?* —3(23*)In2 f)y' = dxe* + 4e* g) y' =—=(56%)(Ee™)A —-In5) h)fix) =e*2x+1- 6e )
3)a) y' = e (cosx —sinx) b)y' = —sinx (e ) ¢ f'(x) =e®(2x* —4x+1) d) g'(x) = —4xe*¥)[xsin(2x) — 1]
4) local max of y = 0.25 when x = In(0.5)

5)y=6x+3

6) y =3x —e?

7) CN ~ -0.48, so the point (-0.48,-0.18) is a local minimum

8)a) k ~-0.023, so the formula is A = 1000e ***"

b) t ~ 30 days

¢) A(300) = 1g

d) A'(50) = —7.3g/day
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' W5— Implicit Differentiation and Derivatives of Log Functions Unit 3
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1) For each problem, use implicit differentiation to find H interms of x and y.

a) 2x3 = 2y? +5

')-,_, qL\] -;&
;o
q% dx
ﬁ}‘ﬂ_ L 3y
o 3’5

c)5x3 = —-3xy +2
l6y;: -'6(3 + 4 (—5@
g
2 Ay

3 (6t ey)
-3 A

: "5y
~

1

5

e) x3 — 3x%y + 4xy? =12

b) 5y% = 2x% — 5y

|OS°§§'¢ = 6’3(} - 6 O_L:l

d =
'f; (10y*9) 8
dy &1
e 16445

d) 2x3 = Bxy + 1)2

"3 = 20u9r) (34 + aﬂmﬂj
RCETS)

(> l‘@’k\j LIy 3@ J,()._J ;Cry"“ﬂ
dx

Cr*- lswtj - 6y s dﬁ\- CT% y +€x)

(WY

gl?%
“Jj,J Ay

(3 L] v X) "(%

“i———l—~—,-”L
i

Lo

f) 4 sin(2y) cosx = 2

ey B 1 () o

4 oy ) -

,’3«1 +€yb—‘ﬂja

dy o -3 rlry -4t
dy g”‘b'@ >

Yeos (}»@ (J "% oY % (’Sh'\«)(QSN\C*‘ﬁ] >0
3 (29 cosw Z(—L%( - ‘f sf,\q(svv\(mp

o P R YR VN
b ot

< cosy o5 ( ;“j)

ﬂg . SnK SIACRy)
dy Lcosy (o3(2y)




x2-4
X7 +4

gy’ =

Ay — dac (4Fv0) - 2 (>
a‘j dx = ) -3 1)

(1)
G_tﬂ - Ix (‘k?‘d—L(—')zl +"()
af) ‘GLOU ,_-ﬂ—E;;;;;;S?ZT—_______
y da g
2 o tex T me
] el ? = olx (Y
/
J ) 16 f

2) Find the equation of the tangent line to (x + y)3 = x3 + y3 at the point (—1,1).

Sepe
APC . Lj = /v\f;ﬁ—A
3(1&(3) ({+_°fl) z 3734—33&%,(j | = _((,Wg,
3(1 -r—wrvﬂjX ’F/FJ?) =3y J_ng ,ng{ é:Q,______
(3 sy 571ty = 35 L g, SIX
; ' )

3 +€'“a SR AL RENETE 33
X

31( f‘ 67(3 a%( = - G’)éj «317

g(% (39(1-%6%0) = 3y(ax 9)

do

dr

W\

"3yluty
3y (j(“' ‘ZU)

S(Ll} . u(dxey)
X ’k’(%ﬁ‘j)
i:} (1:4 = "_-_.__..-a[;l(J‘? Jrrjl

y=| < [F1+20))

b
\A
1
S—
¢



3) Differentiate each of the following with respect to x.

y = b) f(x) = e7 o f() =In(52)
1 ’,t o/ C ’ =<,
) - 70() \ 2 (7 Al A+
9= 2 (w3) - Unx flao= e ( 10 | M
s iamae W o o7 2 2
iy B € /oK UTH N A3
(A2a3) P4 F(?D-‘}X (€) (yix \ (%)
bl 1"
kﬁ - w V-"'( ) i 2% 34~ 3 3 ¢
J(x)= 0 —————
& (or 437" ﬁ ()

. a = Yty

¢ () =
et

(A

?‘ () = -t oyt

d) y = log,(4x?) (031
) [
Lﬁ = ,TJJ N %(
Y™ \n (3
-1
W =

Y inGe

Answers:
1)a) dy _ 3x* dy _ 6x* )Q __ —y-5x2 d) dy _ —3y*x—y+x? e) dy _ 6xy-3x*-4y® . dy _ sin(2y)sinx
dx 2y dx 10y+5 dx i dx 3x2y+x dx 8xy—3x2 dx 2cos(2y)cosx
dy Bx
Bl===

dx  y(x?+4)2

L)y =—x
_ 2x43-2xInx 2x  3x%—1

a)y' =T b= Af' @) =gn-5n Ay =5




' W6 — Connections with Exponential Models Unit 3
' MCV4U

Jensen

1) A 100-mg sample of thorium-233 (Th-233) is placed into a nuclear reactor. After 10 min, the sample has
decayed to 73 mg. Use the equation N(t) = Noe‘“ to answer the following questions:

a) Determine the disintegration constant A for Th-233.

73 = 0O eﬂbl

_ _-loA
0073 = C
(073 = ~1OA
AL~ 0.03] ‘
et A
b) Determine the half-life of Th-233 | /{,[
0.a3lt ) 4
50y = 100 € 73-100(9; o
0.3t T3 2 (5
a-> = & (0.13)2 =
[V\édeS) = O"Oglt [dja-S “ )v #

1 2 I minskes B~ S minites

c) Write the equation that gives the amount of Th-233 remaining as a function of time, in terms of half-life.

£
()= oo (3)7%

d) How fast is the sample decaying after 5 min? ] taa ) |
D)= 100(5) (s (*‘*)
MOERE 4





















































2) Radon-222 (Rn-222) is a radioactive element that spontaneously decays into polonium-218 (Po-218) with a
half-life of 3.8 days. The atoms of these two substances have approximately the same mass. Suppose that the

initial sample of radon has a mass of 100 mg.
t

The mass of radon, in milligrams, as a function of time is given by the function Mg, (t) = M, (%)3'8, where M,

is the initial mass of radon and My, is the mass of radon after time ¢, in days.

a) How much radon will remain after

i) 1 day?

. 7/ P
[ ii) 1 week? L 3L
f,, 0= 100 (£) 2 Mgun)= 109(3)

2 B3 ma 2 314

b) At what rate is the radon decaying.bat each of these times?
M(b) =109 (ﬁyz"* o
W)= 100l h(3) ()

M\ (\5 ~ |60 Myola,\j M) C‘)) = /Be\ /\Acﬁ/ola'j

c) How long will it take for a sample of radon to decay to 25% of its initial mass?

1
14 = 00 (';y%

I\ta4
035 = (3









































3) Consider a car shock absorber modelled by the equation h(t) = e~%5¢ sin t, where h(t) represents the
vertical displacement, in meters, as a function of time, t, in seconds. Determine when the maximum vertical
velocity, in m/s, occurs and its value, given that v(t) = h'(t).

.05t -0.5t
i) = \,\‘ (:b\ -0He 0 L + oY (e )
- 0.5€°% (sint - A csst)

- oSt
LR -05t (4ind - JSost) + (_c,os-]'-l-;shd-,)(' av5€ )
) =W 2 03T L 20 )

= SO (3 ik Ucost) )
o:-gj:ﬁq@st( = o orea) &5 AND
q&ts ~3sWt v(a)= |3

V() s @067 wis
vis.356) = ~0035 %S

_U = tant
3
May uejdc,'ﬁj ot 4im/5 oF O $2eondlS.

A

U

42 =0T yded 5358y 00

4) Rocco and Biff are two koala bears that are foraging for food together in a
eucalyptus tree. Suddenly, a gust of wind causes Rocco to lose his grip and
begin to fall. He quickly grabs a nearby vine and begins to swing away from
the tree. Rocco’s horizontal displacement as a function of time is given by the

equation x(t) = 5cos (%t) e~ %1t where x is Rocco’s horizontal displacement

from the bottom of his swing arc, in meters, at time t, in seconds.

a) Biff can grab Rocco if Rocco swings back to within 1 meter from where he
started falling. Will Biff be able to rescue Rocco? Explain, using mathematical
reasoning.

Sifiol Posiian & %Ld)= K costo) = 5m
Perlad\ = %3 = Y grandd &

otion e Y eond < T K(H) = 5 s (1) T 3.35m

Ht’; 13 [.£5 m a.m-j from where o $Tasd e‘ Rips
W) NI b able to reRctE Roceo -





































































































b) The other option Rocco has is to let go of the vine at the bottom of one of the swing arcs and drop to the
ground. But Rocco will only feel safe doing this if his horizontal velocity at the bottom of the swing is less than

2 m/s. Assuming that Biff is unable to save his friend, how many times must Rocco swing back and forth on the
vine before he can safely drop to the ground?

W)= 564 co’ (@> .
~0e
Wby 2 ) = ~as e s () - Esin(T) (5) €

,
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. - $, 72y -
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5)The voltage signal from a standard North American wall socket can be described by the equation V(t) =
170 sin(120mt), where t is time, in seconds, and V is the voltage, in volts, at time t

a) Find the max and min voltage levels and the times at which they occur.
=l
max = 0+ =17V min = O-170 oV

170 = 170 S\t\(lm?‘t‘) -0 = |705l/\()m‘{=)
| = 5in( o) _| 3 sia(laott)
ut L.
ROt g)gg,‘iv Nt = ’51r- ‘7tr) L
S q - a1, ---
k= a-_rm’éT!o ) St t= f’qo 9.‘10]}'40‘
A pagX UaH-q.gE, ot oV A win volage St -l7QV
- Y
whon £ Il {kez |70 Hdan £2 3K SLEZ (k203
b) For the given signal, determine

i) the period, T, in seconds

1 /—\ZQLT_/ L
perice k| l3apr ic =<rels

ii) the frequency, f, in hertz

l_
Freguecy = gl © 6O 72

iii) the amplitude, A4, in volts

A:(otl: 7oV











































































6) Consider a simple pendulum that has a length of 50 cm and a max horizontal displacement of 8 cm.

a) Find the period of the pendulum.

PQ’:‘“’!(’ T = &’Q‘F{i = (OL/QV SECO/\ULS

b) Determine a function that gives the horizontal position of the bob as a function of time.

h(t) = %coﬁéfrﬁ%) = Baos(1Y3¢)

c) Determine a function that gives the velocity of the bob as a function of time.

ulg)= Wk) = g [t 4-436) ) (443)
= =354 5in (%432

d) Determine a function that gives the acceleration of the bob as a function of time.

Ck(_‘b\ = U)Cﬁ) = “35-‘/(1@05(9«‘(3’%)}Cq,q3>
= “[57@3(‘1#’}5)

e) Find the max velocity of the bob and the time at which it first occurs.

o = Ot359Y = 35,9 cuys

B[y = - }5.uy si/\,(LfJ(Bf)
__’ = S [L'[.L(R'E)
- v
yyzt= =

£t (06 secandhs

















































7) A piston in an engine oscillates up and down from a rest
position as shown. The motion of this piston can be
approximated by the function h(t) = 0.05 cos(13t), where t is
time, in seconds, and h is the displacement of the piston head
from rest position, in meters, at time t.

rest position

a) Determine an equation for the velocity of the piston head as a function of time.
vlk) = W (L) = .93 [, 5‘(,\(4375\}03)
= <065 stA (13¢)

b) Find the max and min velocities and the times at which they occur.

,V\:aj2 - O {'d-Gg-‘:o"éS N\/}S MIV\: O—‘O.és :-—O«GS m/s

G.635 = —0:65 sial13t)

<] < sinl13¢)
3L= 3-%1_” 37%:) AL
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3¢€= =, ") =3
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When t2 Bi:zktr {kEZIK?Gg
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M~ S Q‘T‘\.eu

LG5 = —0.65 SIA(3E)

9 ...
61—);’6)

min Ueldcﬁ-j oF ~0.65 ~/x

Answers:
t

1)a) 0.031/min b) 22 min ¢) N(t) = 100 (%)Z d) -2.65 mg/min
2)a)i) 83.3 mg ii) 27.9 mg b)i) -15.2 mg/day i) -5.1 mg/day c) 7.6 days
3)t=0s,v=1m/s
4)a) He will NOT be able to rescue Rocco. b) He must swing back and forth 3.75 times before he can safely
drop to the ground.
4k+1 }

5) a) max voltage: 170 V at times t, in seconds, t = {Tw’k €EZ k=0

min voltage: —170 V at times t, in seconds, t = {%,k EZLk > 0}

b)i) T =%s i) f =60Hz iii))A =170V
6)a) 1.42s b) h(t) = 8cos(1.41mt) c) v(t) = —11.28m sin(1.41nt) d) a(t) = —15.972 cos(1.41mt)

e) max velocity: 35.4 cm/s at time t = 1.06 sm

7) a) v(t) = —0.65sin(13t) b) max velocity: 0.65 m/satt = {@, ke€eZk > 0}; min velocity: -0.65 m/s at

t={%,kez,kzo}








































