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Mathematicians started using coordinates to analyze physical situations in about the fourteenth century.
However, a great deal of the credit for developing the methods used with coordinate systems should be given
to the French mathematician Rene Descartes (1596-1650). Descartes was the first to realize that using a
coordinate system would allow for the use of algebra in geometry. Since then, this idea has become important
in the development of mathematical ideas in many areas. For our purposes, using algebra in this way leads us
to the consideration of ideas involving vectors that otherwise would not be possible.

Part 1: What are Cartesian (algebraic) Vectors?

Suppose 1 is any vector with endpoints Q and R. We identify Q_R) asa
Cartesian vector because its endpoints can be defined using Cartesian
coordinates. R

P(a, b)

it=a, b

If we translate 1 so that its tail is at the origin, O, then its head will be at
some point P(a, b). Then we define this Cartesian vector as position vector

[a, b]. / 0

Note: Use square brackets to distinguish between a point (a, b) and a
position vector [a, b]

Part 2: Resolving Cartesian Vectors in to Unit Vectors

A second way of writing OP = [a, b] is with the use of unit vectors
Tand]J. y

{=1[1,0]andj=10,1]

Both of these vectors have magnitude of 1 and lie along the
positive x and y axes respectively.

In the diagram, 04 = [a, 0] = ai —4

—

OB = [0,b] = b]

Therefore, using the triangle law of addition, OP = OA + OB = al + bj

It follows that [a, b] = al + bJ

Representations of Vectors in R?

The position vector OP can be represented as either OP = [a, b] or OP = al + bj where 0(0,0) is the origin
and P(a, b) is any point on the plane.




Example 1: Practice representing vectors in two equivalent forms.

ANY
a) Four position vectors, OP = [1,2], w = [-3,0], 3 P, 2)
OR = [—4,—1], and 0S = [2,—1] are shown. Write each of 2- '
these vectors using the unit vectors T and J.
'| .
L . Vars
OF = 1+2f 0g = —31 A3 o X
. . —4 -3 S 2 3
OR = —41—7 0S=21—7 -1
R(—4, -1) 5(2,-1)
-2
—_— —_— —_— v
b) The vectors 0A = —7, 0B =T+ 5, and OC = —57 + 2] have
been written using the unit vectors T and j. Write them in component form [a, b].
04 = [-1,0] OB = [1,5] 0C = [-5,2]
Part 3: Magnitude of Vectors
Any Cartesian vector ¥ = [v,, v, ] can be translated so its tail is at V4
the origin, (0, 0), and its head is at the point (vy, v),). To find the
magnitude of the vector, use the formula for the distance between
two points:
. 2
|U| = \/(vx - 0)2 + (vy - 0) Vy : X1 v)
‘V‘
5 2 g
51 = @2 + (v,) + a £

Example 2: Find the magnitude of vector v = [7,4]

1] =/ (7)% + (4)?
|7| =65




Part 4: Adding and Subtracting Vectors

Rule: ¥ + 1 = [vy + uy, vy +uy]

Example 3: If U = [7,4] and il = [2,6]. Find U + 1.

v+u=[74+2,4+6]

B+ 1 =[9,10]

Rule: ¥ — U = [vy — Uy, vy — uy]

Example 4: If U = [7,4] and © = [2,6]. Find U — 1.

B—U=[7-24-6]

N
Il

$—1=[5-2]

Part 5: Multiplying a Vector by a Scalar

For v = [v,, v, ], kU = [kv,, kv, ]
Example 5: If U = [7, 4], find 27.
2v = [2(7),2(4)]

2% = [14,8]
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Recall: Two vectors that are collinear can be drawn so they lie on the same line. In other words, they are
scalar multiples of one another.

Ifﬂzkﬁthen%zu—y

x Vy
i=l3%ands =2 =2
Example 6: Are U = [3,6] and v = > ,12]
Uy Uy
Uy B V),
5
3 (3)
-3\ /-5
6 _ 60
-3 =30
—2=-2
U = —27, therefore U and v are collinear.
Part 6: Cartesian Vector Between 2 Points
BZY
N0t|ce that P1P2 = 0P2 - 0P1
Therefore, Py P, = [x; — X1, Y2 — V1] pr
202
—_— )'/.

Or, PP, = [xtip — Xtail» Yeip — Vtaitl 71,7
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Example 7: Find the coordinates and the magnitude of each vector.

a) 4B, for A(1,3) and B(7,2)
AB =[7-1,2 3]

_—

AB = [6,—1] 1

|[4B| = J/(6)2 + (—1)2 )
|[4B| = V37

b) CD, for C(—10,0) and D(0,10)
CD = [0 — (—10),10 — 0]

CD = [10,10]

|cD| = /(10)2 + (10)2

|CD| = V200
|cD| = 10v2

c) EF, for E(4,—3) and F(1,=7)
EF =[1—4,-7 - (-3)]

EF = [-3,—4]

[EF| = J(=3)2 + (—4)?
|EF| = V25

|EF| =5




Part 7: Geometric Vectors in Cartesian Form

To write a geometric vector ¥ in Cartesian form, you need to use
trigonometry. In the previous unit, we found that the magnitude of the
horizontal component is |#7] cos 8, and the magnitude of the vertical
component is || sin 8, where 8 is the angle ¥ makes with the horizontal, or
the positive x-axis.

|| sin @

Example 8: Write a force of 200 N at 20° to the horizontal in Cartesian form. I 4| |8l cos@

F= [|17"|cost9,|13|sin9]

F = [200cos 20,200 sin 20]

F = [187.9,68.4]

Example 9: A ship’s course is set to travel at 23 km/h, relative to the water, on a heading of 040°. A current of

8 km/h is flowing from a bearing of 160°.

a) Write each vector as a cartesian (algebraic) vector.

S S
S = [23cos 50,23 sin 50] W = [8cos110,8sin110]

b) Determine the resultant velocity of the ship.

Fr=Ss+w
7 = [23 cos 50 + 8 cos 110, 23sin 50 + 8sin 110]

# = [12.048,25.137]



Magnitude:

17| = /(12.048)2 + (25.137)2

|7| = 27.875
Direction:
8 = tan-1 (12.048) N
= tan
25.137 (12.048, 25.137)
B = 25.6° E
(]

The ship is travelling at a velocity of about 27.875 km/h at a bearing of 025.6°.



